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ABSTRACT 

In this paper we give a generalisation of Kostant's Theorem about the 
Ax-operator associated to a Killing vector field X on a compact Riemannian 
manifold. Kostant proved (see [6], [5] or [7]) that in a compact Riemannian 
manifold, the (1, 1) skew-symmetric operator A× = Lx-Vx associated to a 
Killing vector field X lies in the holonomy algebra at each point. We prove that 
in a complete non-compact Riemannian manifold (M.g) the A×-operator 
associated to a Killing vector field, with finite global norm, lies in the holonomy 
algebra at each point. Finally we give examples of Killing vector fields with 
infinite global norms on non-fiat manifolds such that Ax does not lie in the 
holonomy algebra at any point. 

§1. Pre l iminary  results 

Let  ( M , g )  be a comple te  non -compac t  R iemann ian  manifold.  One  can 

d e c o m p o s e  the Lie a lgebra  of skew-symmet r i c  e n d o m o r p h i s m s  E(x) at a point  

x E M in the form E(x) = G(x)O G(x) l, where  G(x) is the h o l o n o m y  algebra  

at x and G(x) ± its o r thogona l  c o m p l e m e n t  with respect  to the local scalar 

p roduc t  for  tensors  of type (1, 1). 

Since Ax is skew-symmet r i c  for  each Killing vec tor  field X, then at any point  

x G M  we have:  

(Ax),=(Sx)~+(Bx), with(S×)x~G(x) and (Bx) ,EG(x)  I. 

Notice  that  if B× = 0 at some  point ,  the B× vanishes eve rywhere ,  because  Bx is 

parallel .  

For  two tensor  fields T, S of type (0, s)  on M, we deno te  the local scalar 

p roduc t  of  T and S by (T, S), i.e. 

( T , S ) = I  z,._,S', '', 

Received February 27, 1984 

315 



316 C. CURR/~S-BOSCH Isr. J. Math. 

and the global scalar product by ((T, S)), 

((T,S)) = fM (r ,  S)vol. 

We denote by A ' (M)  (resp. A~(M)) the space of s-forms on M (resp. with 

compact support). Let L~(M) be the completion of M ( M )  with respect to 

(( , )). We say that a vector field X has a finite global norm (see [8]), if the 

1-form associated to X via g, ~:, lies in L~(M)A A'(M). 

To prove our result we have to use Stokes' Theorem and to do this we 

construct a family of cut-ott functions whose supports exhaust M (see [t], [4] or 

[8]). Let 0 be a fixed point of M. For each p E M we denote by p(p) the geodesic 

distance from 0 to p. Let B ( a ) = { p E M I p ( p ) < a } ,  4 > 0 .  We choose a 

C~-function/z on R satisfying: 

(i) 0_-</z <1  onR,  
(ii) / z ( t ) = l  for t_-<l, 

(iii) /~ (t) = 0 for t _-> 2. 

And we set 
we(p)= E z+. 

One can see that for every a ~ Z ÷, w~ is Lispchitz, hence almost everywhere 

ditterentiable on M and furthermore verifies 

0_-< w~(p)_-< 1, V p ~ M ,  

Supp. wa CB2~, 

w~ (p) = 1, Vp ~ B~, 

Idw~ t< k/s, 

Then we have 

LEMMA 1.1 (cf. [I], [4] or [8]). 

only on Iz, such that 

lim w~ = 1, 

almost everywhere on M. 

There exists a positive number A depending 

for any rl E A'(M).  

We should notice that for ~EL~(M)OA' (M) ,  w:! lies in A~(M) and 

warl ~ 71 (a ~ ~) in the strong sense. 
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§2. Proof of the main result 

Let X be a Killing field on a complete non-compact Riemannian manifold 

(M, g). Let ~: be the 1-form associated to X via g, i.e. (Z, ~) = g(X, Z )  for any 
vector field Z. 

We consider the vector field w2B×X, which obviously has compact support. By 

using the parallelism of B× we have: 

div (w 2.BxX) = trace ( V ---> V v (w ~BxX)) = (BxX, dw 2) + w ~ div. B x X  

So 

(1) 

= (BxX, dw2~)- " 2 w; trace B x. 

div (w2,~BxX) = (BxX, dw2~,) + 2(w.Bx, w.Bx), 

(BxX, dw2,,)= (BxX)'(dw2.), = (Bx)~XJ(dw2~,), = (Bx)'kgk~X~(dw2,,), 

= ( B x ) i k l ~ k ( d w ~ ) i  = 2(Bx, dw 2. A ~), 

because Bx is skew-symmetric. 

As w2BxX has compact support contained in B(2a) ,  we have 

M div(w2,,BxX) = O. 

So by (1) 

(2) II woBx 11~,2., = - ((Bx, dw2,, ̂  s~))Bc2.). 

By the Schwartz inequality and Lemma 1.1, we have: 

I <<Bx, 2wadw~, ^ so))I _---II woB,, 11.,2o)112dw,, ^ ~ 11.,2o) 

---- (Nil woBx 11~,2o)+ 4 II awo ^ ¢ 11~,2o)) 

2 o =< 011 w.B,, 11~,,2., + (2A/~2)11 ~ IIB,-o,. 

Now (2) yields 

2 < 2 
II woBx IIs,2~, = (½)11 w.Bx 11~2~, ÷ (2A/a2)]] s ~ 118,2o), 

II woBx 11~,2o,---- (4A/,,~)ll ¢/~,=.), 

so letting a--~ oo we get 

2 
! i~ II w.Bx 11~,2.,~ 0, 
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because s ¢ has finite global norm, therefore 

Bx = 0. 

Thus we have proved: 

THEOREM 2.1. Let ( M, g) be a complete non-compact Riemannian manifold. 

Let X be a Killing vector field, with finite global norm. Then Ax  lies in the 

holonomy algebra at each point of M. 

§3. Examples 

In this section we shall give two examples of Killing vector fields, on non-fiat 

manifolds, such that its A,,-operator does not lie in the holonomy algebra at any 

point. 

I st Example 
We consider the canonical line bundle K(P,(C))  and ¢r : K(P,(C))---> P,(C), 

the natural projection. 

K(P, (C)) can be endowed with a structure of irreducible non-compact Kfihler 

manifold with vanishing Ricci tensor as follows (see Calabi [2] and [3]); on the 

inverse image of each subdomain of inhomogeneous coordinate functions, for 

instance Uo with coordinates (z z . . . . .  z"), we take the local K[ihler potential 

given by: 
q' = 4' ° ~ + u ( t ) ,  

where 4' is the local K~ihler potential on Uo for the Fubini-Study metric, 

4 '=(1 / k )  l + k  Iz '[ 2 , 
i = l  

t = exp (((n + 1)/2)k4')I ~: 12 (~ is the fibre coordinate), 

and 

u(x)  = uo+(2n/n + 1)("~1 + c x -  1) 

n--I  

- ~ (2(1 - w') /n  + 1)log (( "~/'~ c x -  w~)/(1 - w./)) 
i=i 

(w = exp (27ri/n)). 
One proves that this manifold is an irreducible complete non-compact K/ihler 

manifold whose holonomy algebra is contained in su(n + 1) (vanishing Ricci 

tensor). 
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As qJ depends only on I z ' l  2 and I~ 12, it is easy to see that the vector field 

X = X / -  l(sqa/as~)- ~(&/&~)) 

is an infinitesimal automorphism and as X ( 6 ) =  0, is also Killing. 
A simple calculation shows that the (1, 1) operator Ax does not lie in su (n + 1) 

at the points where ~: = 0. 
Now X, which is defined on 7r-~(Uo), can be globalised by considering similar 

expressions in the inverse images of the remaining subdomains of inhomogene- 

ous coordinates and we obtain a Killing vector field X (globally defined) such 

that Bx# 0 at some points, so Bx# 0 everywhere. 

2nd Example 
We consider the example of hyper-K~ihler manifold furnished by Calabi in [2] 

and [3]. Let us take the holomorphic contangent bundle T*'(P, (C)) to P, (C), 1r 

is the natural projection from T*'(P,(C)) onto P,(C). 

For each subdomain of inhomogeneous coordinates, for instance Uo with 

coordinates z '  . . . . .  z", we consider the corresponding coordinates on 7r-'(Uo), 

{z' . . . . .  z";  ~, . . . . .  ~,} (sc~ are the fibre coordinates). In ~r-'(Uo) we take the local 
Kfihler potential given by: 

where 

6(z' ; ~,) = log (1 + I z 12) + N/1 + 4 t -  log (1 + N/1 + 40, 

t = ( l + [ z  12)([~:t2+ [z .  ~:]2), 

t = l  i = 1  

z.~=~z'.¢,. 
i = 1  

Now let us consider the two-form of type (2,0), 

H = ~ dz i ^ dE,. 
i = 1  

One can prove that @ is the K/ihler potential for a metric g which is 

hyper-K~ihler with respect to the given complex structure and H.. 

By the same argument as in the first example one can see that the vector field 

n X=~(2zi(C~/Ozi)-ff*'(C~/O~-'i) 
is Killing and LxH# O. 
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So X is not an infinitesimal a u t o m o r p h i s m  associated to H via g, so Bx # O. 

Indeed  if Bx = 0, then denot ing  by J the complex  s t ructure  cor responding  to H, 

we have  

LxJ  = [ax ,  J ]  = [Sx, J ]  = O, 

because  J lies in the centra l iser  of the h o l o n o m y  algebra  at each point .  

One  can ex tend  X to the inverse image of the remain ing  subdomains  of 

i n h o m o g e n e o u s  coord ina tes  in a similar way as in the first example ,  obta ining a 

Killing vector  field (globally def ined)  X, such that  B x #  0. 

With  these two examples ,  our  goal was to r emark  that  one can find Killing vector  

fields whose  A × - o p e r a t o r s  do not lie in the h o l o n o m y  a lgebra  in non-fiat  

manifolds,  

For  examples  of Killing vec tor  fields with finite global norm on manifolds  with 

vo lume  ei ther  finite or  infinite, see [9]. 
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